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5. Logical Programming
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5.1Complexity of Logic

ÅThe last lectures dealt with basics of first order 
logics

ïWe showed how to write syntactically correct logical 
statements

ïWe discussed interpretations and models

ïWe showed how to deduce and to prove statements

ïWe heard some stuff about history of logics

ÅSo, we get closer to building a deductive DB

ïEssentially, a deductive DB will later check if a given 
statement can be followed given a set of facts and rules

Å ṹ7, i.e. ẕ 7  satisfiable



ÅNow, itõs time to have a look at the 

computational complexity of logics

ïThe check for validity and the check for 

satisfiability is especially important

ïA database is about performance

ïIf it turns out that the anticipated complexity is 

prohibitive, we are in deep trouble 

ÅWill some restrictions save the day?
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ÅFirst, letôs have a look on plain Boolean logic 

ïi.e. no predicates, no quantifiers, universe is limited to 

{true, false}

Åe.gW1ḳ Ø ẓ  Øȟ  72ḳ Ø ẓ Ù  Ẓ Ø

ïLike first order logic Boolean statements can also be 

valid , satisfiable , or unsatisfiable
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5.1Complexity of Logic

SATISFIABLE, 

but not valid

VALID

(tautologies)

UNSATIS-

FIABLE 

W1 ¬ W1

W2 ¬ W2



ÅSo, how do you test whether some Boolean

statement W is satisfiable, valid, or unsatisfiable

ïThis is commonly known as the SAT problem

ïUnsatisfiable:

ÅCheck if W is satisfiable; if not, it is unsatisfiable

ïValid:

ÅCheck if ¬W is unsatisfiable; if not, it is valid

ïSatisfiable : 

ÅGenerate a substitution for all variables in W

ÅEvaluate the substituted expression
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ÅUnfortunately,  SAT is in NP

ïDeterministic decidable algorithm

ÅGenerate all 2n substitutions 

ÅEvaluate substituted expression for each substitution
ïIn ַײ(n2) each

ÅOverall, in ַײ(n2 2n)

ïNon -Deterministic semi -decidable algorithm

ÅGuess any substitution 

ÅEvaluate substituted expression in ַײ(n2)

ÅContinue until you find a working substitution

ïNP is a pretty bad property for an algorithmé
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ÅExample : Is W satisfiable?

ïW1= Ø ẓ Ù  Ẓ Ø  

ÅYes, for x=y= false

ïW2=
Ø ẓ Ù ẓ Ú  Ẓ 
Ø ẓ Ù  Ẓ Ù ẓ Ú  Ẓ Ú ẓ Ø  Ẓ 
Ø ẓ Ù ẓ Ú  

ÅNope, unsatisfiable
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x y W1

0 0 1

0 1 0

1 0 0

1 1 0

x y z W2

0 0 0 0

0 0 1 0

0 1 0 0

0 1 1 0

1 0 0 0

1 0 1 0

1 1 0 0

1 1 1 0



ÅExample : Is W satisfiable?

ïYou could also try to construct the substitution which 

satisfies the expression (or show that there is none)

ÅFor general formulas, this is very difficult to be done 

automatically

ïW2=
Ø ẓ Ù ẓ Ú  Ẓ 
Ø ẓ Ù  Ẓ Ù ẓ Ú  Ẓ Ú ẓ Ø  Ẓ 
Ø ẓ Ù ẓ Ú  

ÅOne false, one true, all need to be the same? Not possible 

Ÿ unsatisfiable
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One of the variables has to be true

All three need to have the same value

One has to be false



ÅThe default algorithm for solving the SAT 

problem is the Davis-Putnam algorithm

ïSolves the problem of satisfiability for a Boolean 

formula in conjunctive normal form

ïComplexity is somewhere around ַ1.8)ײn ȣ

ïBasic idea: Build a pruned tree of possible 

substitutions
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5.1Complexity of Logic

No Funny Logician Hat?



ÅThere are several variants of the SAT problem:

ï3-SAT :  This is the problem for Boolean satisfiability 

in conjunctive normal form, where each clause 

contains at most 3 literals

Å3-SAT was the first problem that was ever shown to be 

NP-complete

ÅNormal SAT reduces polynomial to 3-SAT

ïHorn -SAT: This restricts SAT to formulas in 

conjunctive normal form, where each clause is a 

Horn clause
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ÅHorn-SAT is very important as it is in 

P-complete 

ïExample Horn-SAT problem:

Å := {(¬x 2ẓ Ø1ẓ Ø3), (¬x 1ẓ Ø2ẓ Ø3ẓ Ø4), (x1), (x2)}

ÅThis results in (implicative form ):

ïFacts: ÔÒÕÅᴼ Ø1ȟ ÔÒÕÅᴼ Ø2

ïDefinites: (x2Ẓ Ø1 O  Ø3)

ïGoals:  (x1Ẓ Ø2Ẓ Ø3Ẓ Ø4ᴼ ÆÁÌÓÅ

ÅWhole set is satisfiable, if conjunction of implications is true

ïIdea: find all those variables which have to be true
and look for any contradiction!
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ÅFind all those variables T
which have to be true!

ïInit 4ȡ ᶮ i.e. all variables are false)

ïPick any unsatisfied implication Hi (facts or definites)

ÅHi ḳ Ø1Ẓ ȣ Ẓ xn  ᴼ Ù

Åunsatisfied implication: all xi are true, y is false

ÅAdd y to T (thus Hi  is satisfied now)

ÅRepeat until there are no unsatisfied implications

ï is satisfiable , iff T satisfies all clauses 

ÅFurthermore, T is the minimal set of variables which 
satisfies , i.e. for each satisfying substitution 4ȭ holds, 4Ṗ4ȭ 
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x1 x2 x1ᴼ Ø2

false false true

false true true

true false false

true true true



ÅExample Horn -SAT problem:
ïH1 ḳ ÔÒÕÅᴼ Ø1), H2 ḳ ÔÒÕÅᴼ Ø2), 

H3 ḳ(x1Ẓ Ø2Ẓ Ø3Ẓ Ø4ᴼ ÆÁÌÓÅ ȟ (4 ḳ Ø2Ẓ Ø1 O  Ø3)

ÅAlgorithm
ï ÔÒÕÅᴼ Ø1)    ᵼ   T:={x 1}
ï ÔÒÕÅᴼ Ø2)    ᵼ   T:={x 1, x2}
ïx2Ẓ Ø1 O  Ø3 ᵼ   T:={x 1, x2, x3}
ïDoes T satisfy all clauses?
ÅIt obviously satisfies H1, H2, and H4

ÅIt also satisfies H3

ÅT satisfies !

ïIf there was also an H5 ḳ(x2Ẓ Ø3ᴼ ÆÁÌÓÅ ȟ would be 
unsatisfiable 
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ÅSo, lets switch to general first order logic . What 

changes with respect to to complexity?

ïUniverse of potentially unlimited size

ïQuantifiers

ÅA given sub-formula has to be true for all / some elements 

of the universe

ÅHow does this affect our complexity ?

ïAs an example, we will use the popular axiomatization

of the number theory 
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ÅNumber theory

ïflNT = (ɜ, Џȟ ɩȟ ɯ) =({0}, { ʎ, +,  ×ȟ  ᴻ ȟ ȟ ȟ Øȟ Ùȟ Ú

ïThere is just the constant 0

ïThe ʎfunction represents the successor function
Åi.e. ʎ(ʎ(ʎ(0)))=3

ÅAs using the successor function is very unhandy, we employ a 
shortcut notation for all natural numbers

ïWe may, e.g. use 3451 instead of ʎ(ʎ(ʎ(ʎ ȣʎ π  ȣ

ïThe functions +,  × ,  and ŷrepresent addition , 
multiplication , and exponentiation

ïThe predicates =,  and < represent equality and the less-
than -predicate 
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ÅSo, how can we (naively) evaluate first order logic?

ïGenerate all substitutions for quantified sub-formulas 

and evaluate the main formula

ïᶅ Ø  Ø  υ

Åx=0 ;  Bang. Untrue.

ïɱ Ø  Ø  υ

ÅØ πȠ Ø ρȠ Ø ςȠ ȣ Ƞ Ø φ;  Ok.  True.

ïᶅ  Øȟ Ù σ Ø  ẓ σ Ù  ẓ Ø × y > x + y))

ÅØ πȟ Ù π Ƞ Ø ρȟ Ù πȠ Ø πȟ Ù ρȠ Ø ρȟ Ù ρȠ Ø ςȟ Ù πȟ ȣ
So, this seems to be true? Where do we stop?

Knowledge-Based Systems and Deductive Databases ςWolf-Tilo Balke ςIfIS ςTU Braunschweig 17

5.1Complexity of Logic



ÅTesting all substitutions for universes with 

unlimited size is kind of tricky

ÅAlternative Idea :

ïUse deductive systems to construct a proof from a set 

of valid axioms to the questionable statement

ïNumber theory has been axiomized several times on 

different styles

ïMost popular: Peano arithmetic

ÅCommonly 15 axiom types inducing countable unlimited number 

of axioms

ÅIntroduced by Italian mathematician Giuseppe Peanoin 1889
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ÅBut consider this :

ï ᶬÎȟ Øȟ Ùȟ Ú Án + bn = cn  Ẓ Î ς

ïThis is Fermats Last Theorem

ïIt took 357 years to show that this 
statement is provable for the 
natural numbers

Å1637-1995

ÅProof did some 
really nasty tricksé

ïSo, we seem to be
in severe trouble hereé
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Stupidly small margin



ÅSo, where is the problem?

ïRemember Gºdelõs Incompleteness Theorem

ÅòAny effectively generated theory capable of expressing elementary 
arithmetic cannot be both consistent and complete. In 
particular, for any consistent, effectively generated formal theory that 
proves certain basic arithmetic truths, there is an arithmetical 
statement that is true, but not provable in the theory.ó

ïThus, for any non-trivial deductive system NT , there are 
statements which cannot be proofed within that system

ÅUnproofeablestatements are called undecidable 

Å.4 Ṳ 7 : W can be proven in the system NT
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ṹ 7 ṹ 7
decidable

.4 Ṳ 7
decidable

.4 Ṳ 7¬WW

undecidable



ÅExample: The Goodstein Theorem

and the Paris-Kirby Theorem

ïGoodsteinõs Theorem: òImagine Hercules fighting 

the Hydra , chopping off one if its head after the 

other. But every time a head is chopped off, the Hydra 

regrows a finite number of heads (according to the 

Goodstein sequence). Still, 

Hercules will eventually defeat

the Hydra as long as he does 

not give up.ó
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ïéthe actual theorem is not important for us. But 

note that the theorem is indeed expressible and 

true within the Peanoarithmetic

Åi.e. all Goodstein sequences are finite regardless of their 

start value.
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ïBUT: Paris-Kirby Theorem:

òThe Goodstein Theorem is not decidable.ó

Åi.e. there is no way to prove Goodstein within Paenoarithmetic

ïActually, there is no way to proof it at all using first order logic

ÅProof Sketch:  òShow that the consistency of Peanoarithmetic 

directly follows from the Goodstein theorem. If Goodstein was 

provable within Peano, the consistency of Peanowas shown 

within itself. This is not possible according to Gºdelõs 

incompleteness theorem.ó   

ÅThis is pretty bad. Obviously, we

need some restrictionsé

ïébut first, we move to some algorithms
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