ifis
Institut fir Informationssysteme
Technische Universitat Braunschweig

Knowledge -Based Systems

and Deductive Databases

Wolf -Tilo Balke

Christoph Lof
Institut far Informationssysteme

TechnischdJniversitatBraunschweig
http://www.ifis.cs.ttbs.de



@ 5. Logical Programming

5.1 Complexity of Logic
5.2 TheDatalogLanguage
5.3 DatalogPrograms
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@ 5.1Complexity of Logic

A The last lectures dealt with basics of first order
logics
I We showed how to writesyntactically correct logical
statements
I We discussednterpretations andmodels
I We showed how todeduce and toprove statements
I We heard some stuff about history of logics

A So, we get closer to building a deductive DB

I Essentially, a deductive DB will later check if a given
statement can be followed given a set of facts and rules

A-G7ie” z Fatisfiable

KnowledgeBased Systems and Deductive Databaséslf-Tilo Balkeg IfIS¢ TU Braunschweig 3



@ 5.1Complexity of Logic D@i@/ n

ANow, itds time td
computational complexity  of logics g%z 3:
I The check forvalidity and the check for_,/”;;'»f_;\\g 9,
satisfiability is especially important
I A database is abouyterformance

I If it turns out that the anticipate@omplexity is
prohibitive, we are in deep trouble

AWill some restrictions save the day?
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@ 5.1Complexity of Logic @@mm

AFirst, | et 60s Bodearelogia |

I I.e.no predicates, no quantifiers, universe is limited |
{true, false}
AegW,k @ z k @& z7 U 74 %
I Like first order logic Boolean statements can also be
valid, satisfiable, or unsatisfiable

VALID SATISFIABLE, Ugi’g[ls
(tautologies) but not valid
W -W
Wll 2 2 L _IW]_
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@ 5.1Complexity of Logic @@]@m

A So, how do you test whether somBoolean
statementW is satisfiable, valid, or unsatisfiable

I This is commonly known as tHeAT problem

I Unsatisfiable:
ACheck ifW is satisfiable: if not, it is unsatisfiable

4

ACheck if W is unsatisfiable: if not, it is valid

I Satisfiable:

AGenerate asubstitution for all variables iV
AEvaluate the substituted expression
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(D) 5.1Complexity of Logic @@I@m

A Unfortunately, SAT is ilNP

I Deterministic decidable algorithm
AGenerate all 2substitutions
A Evaluate substituted expression for each substitution

i Inv(n?) each

AOverall, inv (n2 2"

I Non -Deterministic semi -decidable algorithm
AGuess any substitution
A Evaluate substituted expressiontifn?)
A Continue until you find a working substitution

INP 1 s a pretty bad prop
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(D) 5.1Complexity of Logic @@mm

A Example : IsW satisfiable? .

iW= @ 2 u 7 g °
AYes, forx=y= false ;

<

0
0
0

ANope, unsatisfiable

I—‘I—‘HHOOOOI

R P O O F kP O O =
— O —» O

E

) 0 o0
I W= . y 1 0
@ z U z U Z 0 0

D z u 2zZ U z 1o
@z U z U J U

1 0

0 o0

1 0
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(D) 5.1Complexity of Logic @@I@m

A Example : IsW satisfiabl@
I You could also try to construct the substitution whicl

satisfies the expression (or show that there is none)

AFor general formulas, this is very difficult to be done
automatically

| W2= One of the variables has to be true
D Z MZU Al thre%eed to have the same value
7 I 4 U z U Z
D 74 U\L Onelllﬂ’as to be false

AOne false, one true, all need to be the same? Not possibls
Y unsatisfiable
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5.1Complexity of Logic !/J?;'f/”'])m,

A The default algorithm for solving the SA
problem Is theDavis-Putnam algorithm

I Solves the problem of satisfiability for a Boolean
formula inconjunctive normal form

I Complexity iIs somewhere aroun¢(1.8" 8

| Basic idea: Build a pruned tree of possible
substitutions

‘(-x1)*(x1+x2+x4)*(x3+-x1+x2)‘ NO Funny LOg|C|an Ha 7

‘ (x1

= 44—

x
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Il
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2| |+
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i
-

(3 + 31 +x2) |
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@ 5.1Complexity of Logic @@[i@m

A There are several variants of the SAT problem:

I 3-SAT : This is the problem for Boolean satisfiability
In conjunctive normal form, where each clause
contains at most 3 literals

A3-SAT was thdirst problem that was ever shown te
NP -complete

ANormal SATreduces polynomial to 3-SAT

I Horn -SAT: This restricts SAT to formulas in
conjunctive normal form, where each clause is a
Horn clause
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(D) 5.1Complexity of Logic @@I@m

A Horn-SAT is very important as it is in
P-complete

I Example HorrSAT problem: '
A ::{(_'XZZ @ S)ﬂ_'x 1£ 2ZQ 3@ 4)1QX1), (Xz)}

AThis results inimplicative form ):
i FactsOOOAP @OLOA©C @
i Definites(x,Z 9 ;1@
i Goals: ¥,Z ,P . ,9 FAEAI OA
AWhole set issatisfiablgif conjunction of implications is true

I ldea: find all those variables which have totnge
and look for any contradiction!

,"
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(D) 5.1Complexity of Logic @@I@m

A Find all those variablés L S I
. false true true
which have to bérue! e | |

I Init 4 d ne.all variables afalse) tue  tue  frue
I Pick any unsatisfied implicatidf) (facts ordefinites
AHk ,Z@8x,Z © U
Aunsatisfied implication: adl are true, y is false

AAddy to T (thusH. is satisfied now)
ARepeat until there are no unsatisfied implications

i~ is satisfiable, iff T satisfies all clauses

AFurthermore,T is theminimal set of variables which
satisfies ,I.e.for each satisfying substitutiénbolds4 P 4
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@ 5.1Complexity of Logic @@[i@m

A ExampleHorn -SAT problem:

Hk 00 HkQO
' K (%,Z %)& & /E,%%&@Azﬁh @( 10

A Algorithm
000 A0+ BT:={x,)
OOOMAO + BT:={X,, %}
.2 B B T, %, %)
I DoesT satisfy all clauses?
A lt obviously satisfiesl,, H,, andH,

Alt also satisfiesi,
AT satisfies !

i If there was also akl: k (x,Z @ /AEA1 QuAuldibe
unsatisfiable

KnowledgeBased Systems and Deductive Databaséslf-Tilo Balkeg IfIS¢ TU Braunschweig 14



5.1Complexity of Logic fU?;f@w

A So, lets switch to generéirst order logic .What
changes with respect to to complexity?
i Universe of potentiallynlimited size
I Quantifiers

AA given suormula has to be true for all / some elements
of the universe

A How does this affect oucomplexity ?

I As an example, we will use the popuatiomatization
of the number theory
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(D) 5.1Complexity of Logic @@mm

A Number theory

= ¢

flyr= (3, LIh  w) F{0}, { £, +, xh V h
There Is just the constant O
The A function represents thesuccessor function
Ai.e.L(A(K(0)))=3

A As using the successor function is very unhandy, we employ a
shortcut notation for all natural numbers

I We may, e.g. use 3451 instead/ddiK(A(A 8L Tt 8

The functionst, x, andy representaddition ,
multiplication , andexponentiation

The predicates, and < represenequality and theless-
than -predicate
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(D) 5.1Complexity of Logic @@Im/ll

A So, how can we (naively) evaluate first order loc

I Generate all substitutions for quantified stdymulas
and evaluate the main formula

il @ D L
Ax=0; Bang. Untrue.
im@ D L

A nmn @ ph @OkcTue.8 N G o

il @h U o By>x+ty)y U 4
A mh U m N @ ph U mnN @ mh
So, this seems to be true? Where do we stop?
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unlimited size Is kind of tricky

A Alternative ldea

I Usedeductive systems to construct aproof from a set
of valid axioms to the questionable statement

I Number theory has been axiomized several times on
different styles

I Most popularPeano arithmetic

A Commonly 15 axiom types inducing countable unlimited numb
of axioms

A Introduced by ltalian mathematician Giusefsanadn 1889
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(D) 5.1Complexity of Logic @@I@m

A So, where is the problem?

I RemembeiG® del 60s I ncompl et ene

A 0Any effectively generated theory capable of expressing eleme
arithmeticannot be both consistent and complete. In
particular, for any consistent, effectively generated formal theor
proves certain basic arithmetic truths, there is an arithmetical
statement that 1 s true, but

I Thus, for any norivial deductive systemNT , there are
statements which cannot heroofed within that system

A Unproofeablestatements are calledndecidable
A. 4 U Wtan be proven in the systeMT

[ O |
. undecidable ! .
decidablé | ! decidable
. 4 L__J:?W W 4y 7
) : L ,
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5.1Complexity of Logic l)@im”,

A Example: Th&oodstein Theorem
and theParis-Kirby Theorem

i Goodst el n0so ITmadercmasnfighting
the Hydra , chopping off one if its head after the
other. But every time a head is chopped off, the Hyd
regrows a finite number of heads (accordlng to the
Goodstein sequence). Still, (g SR s
Hercules will eventuallglefeat [Flissuey
the Hydra as long as he does @8
not gilve up. o N
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(D) 5.1Complexity of Logic @@I@m

iIét he actual t heorem 1 s
note that the theorem is indeedxpressible and
true within the Peanaoarithmetic

Ai.e. all Goodstein sequences are finite regardless of their
start value.
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(D) 5.1Complexity of Logic @@I@m

I BUT:Paris-Kirby Theorem:
0The Goodstein Theorem is nadecidable. 6

Ai.e.there isno way to prove Goodstein withinPaenoarithmetic
i Actually, there is no way to proof it at all using first order logic

AProof Sketch: 0 S h oPeandarfihanétic t h
directly follows from the Goodstein theorem. If Goodstein was
provable withinPeangthe consistency dPeanowas shown
within i1 tself. This 1I's not p
l ncompl eteness theorem. o

A This is pretty bad. Obviously, we
need some restricti onsEé

I ébut fi1rst, we move to so
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